This paper is devoted to the study of foundation e!ects on the dynamic characteristics of rotor-bearing systems. The modelling and analysis of rotor-bearing}foundation systems based on the "nite element method are discussed. A substructure procedure which includes the foundation e!ects in the motion equations and the application of the dynamic solver of a commercial package is addressed. The design criteria of the foundation for rotating machinery avoiding resonance and suppressing response have also been emphasized through numerical examples.
INTRODUCTION
High-speed and light-weight are two features of rotating machinery demanded in modern applications. Thus, accurate predictions of critical speeds, whirl responses and modal characteristics are necessary for safe operations. Typical rotor-bearing system models cannot insure accurate solutions because the foundation e!ects are ignored.
Various studies have incorporated foundation e!ects in a rotor-bearing system analysis. Kirk and Gunter [1] analyzed the steady state and transient responses of the Je!cott rotor for elastic bearings mounted on damped and #exible supports. They disregarded the rotor #exibility and the disk gyroscopic e!ects in the formulation of the governing equations of motion, and provided design charts for both turned and o!-turn support conditions to minimize the foundation characteristics of the rotor amplitude and force transmitted over a given speed range. Smith [2] investigated the Je!cott rotor with internal damping to include a massless, damped and #exible support system. Lund [3] and Gunter [4] showed that damped and #exible supports may improve the stability of high-speed rotors. Also, Lund and Sternlicht [5] , Dworski [6] , and Gunter [7] demonstrated that a signi"cant reduction in the transmitted force could be achieved by the proper design of a bearing support system. Pilkey et al. [8] presented an e$cient two-stage procedure for optimizing suspension systems of rotors. From these studies, the dynamic performance problems in association with the foundation Other features such as coupling between two shafts in series, vibration isolator, vibration absorber and control actuators for vibration suppression may eventually be superimposed onto the overall system model. Since these are beyond the scope of this paper, they are not to be considered here.
The rotor system is idealized as a system consisting of a large number of "nite shaft elements of circular cross-section with rigid disks mounted at one end or both the ends of some shaft elements. In addition to the shaft elements, this system has bearings, i.e., the non-isotropic #uid "lm or isotropic rolling bearing type. The structure beyond the bearing is the foundation that includes the bearing housing and the machine support structure.
For a shaft element provided by the ANSYS library [21] , the d.o.f. are de"ned by +q,"(u V , u W , u X , V , W , X )2. Each element is modelled by 12 d.o.f.s with two lateral translations (u V , u W ), one axial translation (u X ), two bending rotations ( V , W ), and one twisting rotation ( X ) at each node. In the stationary frame of reference, the equation of motion for the whole shaft which excludes all disks and bearings can be written in a general form as 
where +FC S , is the vector of unbalance forces, +FC E , is the vector of unidirectional load of shaft and +QB,, +Q@, are the vectors of interactive forces at nodes of disk locations and bearing locations respectively.
The disks without the length e!ect as shown in Figure 2 are modelled by a two-node element including mass, rotary inertia, and gyroscopic moment. The d.o.f. of this two-node element is the same as that of a shaft element. The governing equation is expressed as follows:
ROTOR-BEARING-FOUNDATION Figure. 2. The two-node model of a disk.
where +FB S , and +FB E , are the vectors of unbalance forces and unidirectional load respectively, +QC B , is a vector of interaction forces and moments at the common nodes of the disk and the shaft, +Q E B , is a vector of inertia forces and inertia moments of the disk relative to the ground. The details of disk model are shown in Appendix A. In the equations expressed above, rotating symmetry is assumed for the "nite shaft elements and the rigid disks. Figure 3 (a) and 3(b) show the simpli"ed models of a bearing on a continuous-mass and #exible foundation and a suspension of the same foundation respectively. Similarly, with the length e!ects of the bearing being neglected, an eight-coe$cient model including direct and cross-e!ects of sti!ness and damping properties may be used to model the bearings. In this model, the interactive force acting at each bearing is obtained from
where +Q D @ , is the vector of interactive forces and moments at the common nodes of bearings and foundation; +q@, includes the common nodes of shaft and bearing and those of bearing and foundation.
Similarly, the interactive forces acting at each suspension are obtained by
where +Q D Q , and +Q E Q , are interactive forces at the common nodes of suspension and foundation, and of suspension and ground respectively. The details of the bearing model and the suspension model are also shown in Appendix A. ANSYS is a common tool for "nite element analyses, whose basic codes allow the rotating beam elements and the solid elements to model the shaft and the foundation respectively. For a rotating beam element, the gyroscopic e!ect can be taken into consideration. Also, the e!ects of rotary inertia, shear deformation, axial load and internal damping have been included. However, this package like most others does not set speci"c elements for modelling rotating disks, bearings and suspensions.
In ANSYS, MATRIX 27 is available for modelling rotating disk, bearing and suspensions. The geometry of this arbitrary element is unde"ned, but its mechanism can be speci"ed by sti!ness, damping, or mass matrix. The matrix is assumed to relate to two nodes, each with six d.o.f.s per node, translations in the nodal x, y, and z directions and rotations about the nodal x-, y-, and z axis. Other similar, but less general elements are the spring-damper element and the mass element.
DECOMPOSITION AND SYNTHESIS OF SUBSTRUCTURES
Three steps are required for the analysis. In step 1, both the "nite element model of a rotor-bearing system and the foundation structure are constructed and meshed. In step 2, foundation matrices are introduced into the rotor-bearing equations via the formulation of interactive forces between component nodes. In step 3, standard codes are applied to calculate the characteristics of rotor-bearing}foundation systems. Modi"cation in design procedures of the foundation of a rotor-bearing system can be suggested by the results of dynamic analyses.
ROTOR-BEARING-FOUNDATION 347
Assembling equations (1)}(3) gives the motion equation of a rotor-bearing system as follows:
Equation (5) can be separated into the sub-matrix form as
where subscript &&a'' denotes all of the interior d.o.f. and free-end d.o.f. of the rotor-bearing system, and subscript &&b'' denotes the common d.o.f. of the bearing and the foundation. Similarly, the motion equation of the foundation structure mounted on the suspension can be expressed as
where subscript &&c'' denotes the interior d.o.f. and free-surface d.o.f. of the foundation. The motion equations of foundation are modelled by proper elements, such as beam, plate, shell or solid elements, which are provided by ANSYS coding. Asembling equations (6) and (7) gives
where +F?, and +FA, are vectors of external loads applied at the rotor and at the foundation respectively. Solver codes of ANSYS can be applied to determine natural frequencies, mode shapes, critical speeds, stability thresholds, unbalance responses of rotor-bearing}foundation models for the analysis of foundation e!ects. 
MODE TRANSITIONS DUE TO INFLUENCES OF LUMPED-MASS FOUNDATIONS
The Je!cott rotor shown in Figure 4 , is the simplest model of a rotor-bearing}foundation system. It is supported by discrete foundations at both ends. The details of lumped-mass foundation modelling are shown in Appendix B. This model has physical parameters as listed in Table 1 From modal analysis of the equations of the overall system, natural frequencies of the "rst nine modes, , , 2 , in ascending order, can be obtained versus m D /m P as shown in Figure 5 . These results show that the natural frequencies of each mode decrease as the foundation mass increases. In Figure 5 , the variation of natural frequencies can be separated into three parts. When the mass ratio of foundation m D /m P is either su$ciently large or small, the natural frequencies change slightly as m D /m P varies. While the foundation mass has a medium value, the intensive transition of natural frequencies occurs as the value of m D varies a little. After transition, the shape of a high order #exural mode of the rotor is in#uenced by large m D and is thus transformed into a lower order #exural mode. As shown in Figure 5 shown in Figure 6 . However, the di!erence between them is that the soft bearings have more modes than the hard bearings within the same speed range. Obviously, the safe range of operation for a rotor mounted on soft bearings is smaller than that of the one mounted on hard bearings. Applying the similar analysis to the situation when K @ "10 and 10 N/m, one can get the natural frequencies of mode versus foundation sti!ness as shown in veer to the modes of the rotor-bearing system that is simply supported by rigid foundation.
In Figure 8 , before the transitions, the "rst and second modes of the system are coupled by the rigid-body motions of foundation and of rotor respectively. After the transitions, the "rst and second modes veer to the coupled #exural mode of the rotor and a rigid-body motion mode of the rotor. All #exural modes of the system are coupled by a #exural mode of the rotor and a rigid-body motion mode of the foundation before the transition, and they veer to #exural modes of rotor after the transitions. Figure 9 illustrates the transitions as mentioned above for the "rst three modes of a one-disk rotor-bearing}foundation model, K D /K @ "10\ (before the transition) and K D /K @ "10 (after the transition), respectively. The bearing sti!ness of this model is K @ "10 N/m. In this "gure, the displacements of the rotor at both ends are denoted by A P and A P respectively, the center displacement of the disk is denoted by A P , and the displacements of foundation at both ends are denoted by 
A D and A D respectively. The amplitude ratios of the displacements related to A P "1 for mode shapes are listed in Table 2 .
COUPLING EFFECTS OF FLEXIBLE CONTINUOUS FOUNDATIONS
For the analysis of cross-coupling e!ects between two bearing support points, a Je!cott rotor mounted on a beam-type foundation as shown in Figure 10 is taken into consideration. The "nite element models of the foundation and the rotor are combined by bearings which are modelled by a two-node element provided by the ANSYS library. Two cases are determined: (1) "nite element matrices by ignoring the cross-coupling term of the foundation and (2) complete "nite element matrices of the foundation.
The physical parameters of this rotor-bearing}foundation system are listed in Table 3 . The beam is supported by suspensions at both ends and both suspension points are located just below the two bearings. It is assumed that the bearing and 
foundation are isotropic and symmetric around the shaft, and sti!ness coe$cients are identical for both the vertical and horizontal directions. The unbalance responses are shown in Figure 11 for the spin speed from 0 to 2000 Hz, where the ordinate is amplitude, logarithm to base 10, and the unit is meter.
The coupling e!ects of supported points of bearings is illustrated by the solid lines, which is induced by the foundation #exibility. The dashed lines represent the results without coupling e!ect by removing cross-coupling elements of sti!ness matrix.
When both bearing and suspension are soft, as shown in Figure 12 , the cross-coupling e!ect degrades the natural frequencies of resonant modes. If K @ is large and K D is small, the cross-coupling e!ect increases the number of modes within an identical frequency range. In contrast, when both bearing and suspension are hard, the cross-coupling e!ect is nil, as shown in Figure 13 .
Also when only the sti!ness of the foundation is su$ciently large, the cross-coupling is ine!ective, as shown in both Figures 11(a) and 12(a) . For a 0)2 m thick foundation, the analytical results of the foundation with cross-coupling or ignoring element of cross-coupling are identical, while for the 0)02 or 0)002 m thick foundations, the results are distinct. 
TABLE 2
Mode shapes of both cases 
INFLUENCES ON CAMPBELL DIAGRAM
The "rst eight resonant frequencies versus the spin speed of a rotorbearing}foundation system are shown in Figure 4 . Table 1 the gyroscopic e!ects of rotating shafts and disks, each mode has both forward and backward whirls. In this "gure, nF and nB denote the nth order modes of forward and backward whirls respectively, and nM denotes the nth mode of independent motion of the foundation. The natural frequencies of the foundation mode remain constant while speed varies, since the gyroscopic e!ect is nil.
When the sti!ness coe$cients of bearing and suspension are all small, for instance, where both For m D /m P "100, the "rst mode of foundation can be below 1100 Hz. While the value of m D is small (for example, m D /m P "1 or 0)01), the frequency of fundamental mode of foundation has a higher value.
For the same sti!ness coe$cient, the value of m D is less and the natural frequency of identical mode is larger at zero speed. When spin speed increases, the frequencies of forward modes rise rapidly and the frequencies of backward modes also degrade rapidly.
For the same value of m D /m P , the number of modes in a frequency range decrease as the values of
10 N/m, the bifurcation of the even-order modes is greater and the bifurcation of the odd-order modes is smaller. For K @ "K D "10 N/m, the bifurcation of the "rst and second modes are smaller; in contrast, the bifurcation of the other modes has a similar degree.
EFFECTS ON CRITICAL SPEEDS AND HARMONIC RESPONSES
The same rotor-bearing}foundation system as shown in Figure 10 
the variation of critical speeds versus moment of area I is presented in Figure 16 . When moment of area I exceeds 10\ m, mass and sti!ness of foundation also increase as I increases, and thus the increase in I reduces the critical speed slightly. When I is smaller than 10\ m, the critical speed rises conspiciously as I increases due to the dominant e!ect of the increase in sti!ness. In Figure 16 The range of spin speed of the rotor can be designed according to the results of Figure 16 ; furthermore, Figure 17 is useful for the design of moment of area I of the foundation. When the moment of area I of the foundation is greater than 10\ m, the harmonic responses cannot be suppressed by increasing I. However, the foundation mass increases as moment of area I increases. This causes the critical speeds of modes to decrease and the range of operating speed to narrow. Thus, from this example, the optimal value of I determined is 10\ m.
The analytical results of critical speeds and the harmonic responses at 1, 100, 200, 400 Hz for hard foundation suspensions (for example K D "10 N/m) and hard bearings (for example, K @ "10 N/m) are shown in Figures 18 and 19 respectively. For I"10\ m, the second, "fth, and seventh modes are referred to as the decoupled modes of rotor. Also the critical speeds do not vary with moment of area I since the foundation does not deform at these three modes. The fourth, sixth, eighth, and ninth modes are referred to as the decoupled modes of foundation, and the rotor is stationary without deformation. In addition, the "rst and third modes are the coupled modes of rotor and foundation. Consequently, the critical speeds of foundation modes increase as moment of area I increases. Figure 19 represents the responses versus moment of area I at four spin speeds. Since sti!ness coe$cients K D and K @ are su$ciently large, all the responses remain constant unless the resonance occurs as shown.
For foundation design, the choice of an appropriate moment of area I is bene"cial for a wider range of two adjustment critical speeds. As shown in Figure  18 , it is better to utilize a value of I which is greater than 10\ m as the operating speed is near 100 Hz. When the operating speed is near 200 Hz, the value of I should preferably be less than 5;10\ m or greater than 5;10\ m and when ROTOR-BEARING-FOUNDATION Figure. 18. Critical speeds of a rotor-bearing system mounted on beam-type foundation with the operating speed is near 400 Hz, the optimal range of I is between 2;10\ and 10\ m. foundation. Speci"cally, the second mode processes #exural deformation of foundation as I is small, and the natural frequency of this mode increases as I increases. However, when I is large and the mode shape is a coupled rigid-body motion, the natural frequency of this mode decreases as I increases. The appropriate range of operating speeds is less than 25 Hz, or between 50 and 70 Hz, and the value of I is from 5;10\ to 2;10\ m. For a high-speed operation, a range between 100 and 200 Hz is acceptable disregarding the value of I.
CASE STUDIES OF FOUNDATION DESIGN
Two rotor-bearing}foundation kits as shown in Figure 21 have been studied through the modal analysis and the steady state analysis. A shaft with two or three detachable disks is mounted on two deep-groove ball bearings. These rotor-bearing systems are supported by a plate-type foundation. The overall structures are then supported by a soft suspension whose sti!ness coe$cient is estimated as 8;10 N/m. Physical and material parameters of both kits are listed in Table 4 .
Disks, bearings, and suspensions of both kits are modelled by a two-node element as described by equations (2)}(4). The shaft is modelled by a beam element which includes the gyroscopic e!ect, the transversal inertia, the rotary inertia, and the shear deformation. The foundation is modelled by solid elements and the motor is modelled by a lumped mass element.
In modal testing, the rotor and foundation are excited by an impacted hammer and the responses are measured by using displacement sensors and accelerometers. The transfer functions of the rotor-bearing}foundation system are determined by 
TABLE 4
Physical parameters of the rotor-bearing}foundation model in Figure 21 Bearings Natural frequencies resulting from modal testing and analytical simulation in these cases are listed in Table 5 . From the comparison of data in this table, the errors of natural frequencies are observed to be within 5%.
The mode shapes of both systems are shown in Figures 22 and 23 . These "gures illustrate the deformations of rotor and foundation, in which gray-level distributions indicate the normalized displacements of the foundation. Since that sti!ness of foundation structure of these kits is anisotropic, the natural frequencies of forward and backward whirls do not arise from the same value at zero speed as shown in Figure 24 . These Campbell diagrams produced by the analysis and the experiment of both kits have similar results. Natural frequencies versus foundation thickness are shown in Figure 25 , in which solid and dashed curves represent the modes of rotor and foundation respectively. The "rst three modes of foundation are rigid-body motions, and the frequencies decrease as thickness increases due to mass enlarging. Starting from the fourth mode, the natural frequencies of the foundation increase as the thickness increases due to the bending rigidity enlarging.
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For plate-type foundation, the natural frequencies of rotor modes increase as the plate thickness increases. When the thickness of foundation is appropriate, the natural frequencies tend to be steady no matter how the thickness changes. The natural frequencies r "41)78 Hz, r "145)75 Hz, r "231)90 Hz are the "rst three modes of rotor-bearing system located at rigid ground and the sti!ness coe$cients of bearings are 10 N/m. Thus, the foundation is regarded as the rigid support of the rotor-bearing system when the foundation thickness is above 4 mm.
In this example, the appropriate foundation thickness is 3 mm at 200 Hz operating speed. Since the thickness is greater than 3 mm, there are six modes during a speed range within 200 Hz. If the thickness is less than 2 mm, there are eight modes within 200 Hz. When the operation speed is higher, the avoidance of the fourth mode of foundation must be considered. Thus, a greater thickness of foundation is required to raise the natural frequency of the fourth mode of foundation.
The rigid-body motion modes of foundation can be avoided if the foundation is mounted on a hard suspension, as shown in Figure 26 . Also, this "gure indicates that only one mode of foundation and three modes of rotor are within 400 Hz when the foundation thickness is greater than 3 mm. It can be observed that the available operating range is very wide. Thus, the natural frequencies of rotor are not in#uenced by sti!ness coe$cients of suspension. However, the natural frequencies of #exural modes of foundation increase as thickness increases. In Figures 25 and  26 , the natural frequencies of rotor modes, which have similar mode shapes, are almost equal.
Further, the e!ects of thickness on the unbalance responses at some spin speeds are determined and shown in Figure 27 . These speeds are 1, 30, 60, 130, 160, 200 and 250 Hz. When the foundation thickness is greater than 2 mm, the increase in thickness has no e!ect on the reduction of the unbalance responses. 9 . CONCLUSION This paper has extended the discussion on the foundation dynamics of the rotor-bearing system, in which three foundation types are considered. They are the lumped-mass foundation, the continuous-beam foundation, and the plate-type foundation. The analytical results and suggestions for foundation design as discussed in this paper can be summarized as follows:
1. When the suspension sti!ness is soft, an increase in foundation mass decreases the natural frequencies of foundation modes. Thus, a hard suspension is selected preferably to avoid the rigid-body motion of the foundation within a given range of operating speed. For a hard suspension, an increase in foundation size raises the natural frequencies of modes and enlarges the range of operating speed. 2. For a soft structure of the foundation, the unbalance responses diminish and the natural frequencies of the rotor increase as the size of the foundation increases. When the structure of the foundation is sti! enough, the unbalance 370 responses cannot be suppressed and the natural frequencies of the rotor also cannot be raised as the size of the foundation increases. Hence, an appropriate sti!ness of the foundation is acceptable. 3. An increase in a rotor's foundation size raises the natural frequencies of its #exural modes. If the rotor is operated at a high speed, a larger size foundation is needed to avoid #exural modes of itself in the operating range.
